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Derivative-free optimization 

We consider solving the unconstrained optimization problem  

 

numerically, where the objective function                       is 

continuous.  

 

 The derivatives of  the objective function are unavailable or 

expensive to compute. 

  

 Derivative-free algorithms do not use derivatives or attempt 

to approximate derivatives. 

 

 



Nelder-Mead simplex algorithm 

The simplex method of John Nelder and Roger Mead (Computer 

Journal, 1965) is one of the most widely used derivative-free 

methods.  

[This simplex method is totally different from Dantzig’s 

simplex method for linear programming.] 

 

 

 

 

                        John Nelder (1924-2010) 



Simplex: A geometric figure in      that is the 

convex hull of n+1 vertices.   



Idea 

 



Reflection 



Expansion 



Contraction (outside or inside) 



  

 At each iteration, the Nelder-Mead method replaces the 

worst vertex with a better vertex (which is one of R, E, OC, 

or IC.) 

 

 

 

 

 

 

 If this fails, then a shrinkage step is used.   

 



Shrinkage 





Standard implementation (e.g., in 

Matlab’s FMINSEARCH) 

 The parameters are chosen as: 

 

 



 

Nelder-Mead on function: 

 



Convergence theory  
(Lagarias, Reeds, Wright, and Wright, 1998) 

Assuming that the objective function is strictly convex with  

bounded level sets, they proved  

 

   (a) When dimension n=1, the Nelder-Mead method 

converges to the minimizer. 

   (b) When dimension n=2, the Nelder-Mead simplex 

diameters converge to zero.  

 

(Remark: (b) does not mean that the Nelder Mead method 

converges to the minimizer.) 

 

 

 

 

 



Convergence theory (continued) 

In 2012, Lagarias, Poonen, and Wright proved: 

 

    When n=2, if the objective function is strictly convex with 

bounded level sets, then the Restricted Nelder-Mead Method 

converges to the minimizer.  

 

Remark: In the Restricted Nelder-Mead method, no expansion 

step is allowed.   

 

 



 We don’t even know if the standard Nelder-Mead simplex 

method always converges to the minimizer when the 

objective function is                         ! 

 

 

  Non-convergent examples have been found.  



 

 

 

 
A non-convergent example (McKinnon, 1998) 

 



McKinnon’s non-convergent example 

 
 

 



Another non-convergent example 

 

 Repeated inside contraction, Nelder-Mead simplices 

converge to a line segment which does not contain any 

minimizer. (H, 2000) 

 

 

 

 

 

 

 

 



 

 

 

Nelder-Mead method in practice 

In spite of negative theoretical results, Nelder-Mead method  

has been one of the most popular derivative-free optimization  

methods.  It is 

 widely used in various applications 

  implemented  in MATLAB (as FMINSEARCH), SCILAB, … 

 often claimed as “efficient and reliable” by practitioners 

  recommended for solving optimization problems with noisy 

objective functions 

  a citation classic (The Nelder-Mead paper had been cited 

15687 times as of March 6, 2013 (Google Scholar).)  

 

 

 

 

 

 



Effect of dimensionality 

    In an interview with Stephen Senn, John Nelder (2003) 

talked about his method: “Mathematicians hate it because you 

can’t prove convergence; engineers seem to love it because it 

often works.” 

 

However,  users of Nelder-Mead and optimization researchers 

do agree on one thing:   

    The (standard) Nelder-Mead method can be stagnant or very 

inefficient when dimension n is high. 

   

 



Inefficient example 

  

 In FMINSEARCH (the Matlab implementation of the 

standard Nelder Mead method), use 

 

 

 Dimension  n=32:  After 196148 iterations and 231518 

function evaluations, the Nelder-Mead method finds an 

approximate solution with the objective function value:                         



Stagnant example: Extended 

Rosenbrock banana function 

 Objective function: 

 

 

 

        Minimizer  = (1,1,…,1); minimum value = 0. 

 When dimension n=18, use FMINSEARCH (Matlab 

implementation of the standard Nelder Mead method):  

     After one million iterations, the objective function value is       

     still 19.8.   

 

 

  



Study on effect of dimensionality 
(H, Neumann, 2006) 

 Focus on  

 The minimizer                           is chosen as a vertex of the 

initial simplex.  It will remain as the best vertex in 

subsequent simplices.  

 According to Lagarias et al. (1998): In this case, Nelder-

Mead method uses only reflection, outside contraction, or 

inside contraction.  (No expansion or shrinkage steps.)    

 Investigate the effect of dimensionality on the rate of 

convergence of the Nelder-Mead method in this case.    

 



Rate of convergence 



Oriented length 

 

 

 

 

 

 

 

 

The maximum of lengths of edges:    



In our analysis, we 

 analyze the behavior of the Nelder-Mead method when one 

type of operation (reflection, inside contraction, or outside 

contraction) is used repeatedly.  

 assume that the worst vertex becomes the second best vertex 

at each iteration (Note that                         is always the best 

vertex.) 

Therefore, the vertices at step k can be written as 

 

which satisfy 

 



Recurrence formulas 

If one type of operation is performed repeatedly, then the  

vertices satisfy the recurrence relation: 

 

 

where the values of a and b are:  

 Outside contraction:   

 

 Inside contraction:   

 

 Reflection: 

 



Characteristic equation 

The recurrence equation 

 

is linear with constant coefficients. Its characteristic equation is  

of the form  

  

which  is a degree n polynomial. Its roots are called the  

characteristic values. 

Remark:  When                ,  the behavior of         and therefore  

the Nelder-Mead simplices depend on the characteristic values  

with the largest modulus.  



Properties of the characteristic values 



Largest and second largest moduli 

of characteristic values 

To see how the characteristic values with the largest moduli  

affects the rate of convergence, we computed the largest and  

second largest moduli of the characteristic values for inside  

contraction and outside contraction. 

Denote the largest and second largest moduli of characteristic  

values for Outside Contraction by 

 

respectively,  and the largest and second largest moduli of  

characteristic values for Inside Contraction by 

 

 

 

 



Rate of Convergence (              ) 



Conclusion: Effect of dimensionality on 

the Nelder-Mead  method  



Some new insights 

In the previous analysis, we used the standard quadratic  

function                                   and set its minimizer  

                   as a vertex of the initial simplex. 

       

In Gao and H (2012), they assume 

 uniformly convex objective function (e.g., second derivative 

matrix is positive definite and its smallest eigenvalue is 

bounded below by a positive constant.). 

 general initial simplex. 

Under these assumptions, we have 

 

 

 

 

 



For the standard Nelder-Mead method, 

 

 expansion, inside contraction, outside contraction produce     

good reduction in the objective function.  

 

  reflection often does not. (and unfortunately, the standard 

Nelder-Mead method uses too many reflection steps.)  

 

 larger simplex decreases the objective function value more.  

 

 



Standard Nelder-Mead: Fraction of reflections 

steps against problem dimension of  



A new implementation of Nelder-

Mead method   

  

To tackle the dimensionality issue of the standard Nelder-Mead  

method, we propose a new implementation which takes the  

dimension of the optimization problem into account.   



Adaptive parameters  

 Recall that the standard implementation such as  

FMINSEARCH in Matlab uses parameters:  

 

   call it: SNMS 

 New implementation uses adaptive parameters:  

 

 

 (where n is the dimension of the problem.). Call it: ANMS    

 The two implementations are identical when n=2, but 

different when           .  

 

 

  



New implementation: Fraction of reflections 

steps against problem dimension of  



Numerical Test on modified Byrd-

Nocedal-Zhu quartic function 





Test on More-Garbow-Hillstrom 

collection of functions 











Summary 
(1) The performance of the standard Nelder-Mead simplex method 

deteriorates as the dimension of the optimization problem  increases.     

(2) Expansion and contraction (inside or outside) steps help decrease 

the objective value. Reflection step often does not.  

(3) Large simplex helps decrease the objective function value. 

(4) Implementation using adaptive parameters is promising for  

higher dimensional problems. 

 

   

 



Future research 

  Analyze the convergence properties of Nelder-Mead method   

for dimension         .  

  Investigate how to set up a suitable initial simplex. (Larger 

initial simplex can improve performance.) 

  Study how to effectively reduce the use of reflection steps. 

  Develop new derivative-free algorithms for high dimensional     

problems. 
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