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1. Data Sterage

Employee Number
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EXAMPLES OF MATRICES
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2. Dominance [S.S.Ulmer, “Leadership in the Michigan Supreme Court,” Judicial
Decision Making, 1963]
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3. Markov Process [Glass & Hall, “Social Mobllity in Great Britain: A Study of

Intergeneration Changes in Status,” Social Mobility in Great
Britain, 1954]

1 if | dominates j
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if i does not dominate j
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where pijj is the probability that a son of a person working in an
occupation of class i gets a job in an occupation of class j

4. System of Linear Equation_s

Simuttaneous Equations

at+ +575¢c = 50

"~ a+ 50b +857c = 406

Data: x y z Linear Model: z=a+hx+cy
0] 575 |50
501 857 |408
901 397 (994
100] 248 {1016

Matrix Representation

¥=io3 (Fee2) = 4¢-~332%

a+ 90b +397c = 994

a+100b + 348c = 1016

0 575 : 50
50 857 : 4086
80 397 , 994
100 348 : 1016
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..‘ Example [ S.S. Ulmer, “Leadership in the Michigan Supreme Court,” Judicial

Decision-Making, G. Schubert {ed.), 1963, 13-28.]

V KaDC S E Ke B
A c 1 01 111 1}|¢
Ka o o011 111 1]}c¢
D 1 0 0 0 111 15
C 0 0 1 01 1 1 1{5 = D (domnance)
S 0 060 0 011 1 1 if i dominates j
E 0 0 0 0 00 1 1 dij=
Ke 0 0 0 0 0 00 1 0 otherwise
B L_0 o 0 0 00O 0_.

Justices in the Michigan Supreme Court, 1958-1960:

V = Voelker, Ka = Kavanaugh, D = Dethmers, C = Carr, S = Smith, E = Edwards,
Ke = Kelly, B = Black.
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16.
17.
18.
19.

20,

21.

(AB)'=B°A" -

13

SOME MATRIX ALGEBRA PROPERTIES (THEOREMS)
Cottrmetodioe
A + (B + C) = (A +B) + C, if defined ssareolive

A+B=B +A,|if defined

A+ 0 = A, where 0 is a zero matiix

A-A=0,where 0 isa zero matrix ()M"f: .—A—HH&):.——&—HM"C)

fA+B=A+C then B=C — (o At A& = [ i)
O+ = o

A-B=A+(-B) : _ @ =

k0 =0, where 0 is a zero matrixand k is any real number

0 A=0, where 0 is the scalar zero and 0 is a zero matrix

-(-A)=A - A B e MXM
k(A+B)=kA+kB e TR e Ao vt aelhLlono ol M0 "“‘J’QL""E‘.
(+)—' + R_,H'S/Jlaﬁ A A ﬂ'h.wbt M{M«M
ki{ko A) = (Kikz) A - LHS A D gt e RS Ay Jan
' LS gl
: o MieDh e b
(k1 + ko) A = ki A + koA Netg A
AT ey M

A{BC) = (AB)C, if defined (iAot e Do o
k (AB) = (k A)B = Atk B) SO P
A(B +C) = AB + AC; (A+B)C=AC +BC, if defined  Decindds
(A+B)2= (A+B)(A+B)=A2+BA+AB +B2
IA = Al = A, where 1 is the appropriate identity matrix
0A =0, where 0 is the appropriate zero matrix

(A) ' =A

“{A+B)' =A"+B’

i (kA) = KA” ;
SeA) etz »;/A*Hau%@ 5By A AD ﬂ“‘“ o
e f\J — ’57\1, 6 PO S A’B Mv—.;—d"dﬂ{..—'d

b <5 bt

- i f2- 0|
In general, AB = BA E 'f«v‘\ B= C ;:t L’f',(_fc I
e kg A= N

If AB = AC then it is not always true that B=C /E'T/i_"&?b%" i SRR S Hee VA L

é!f AB =0 then it is not necessarily true that A=QorB =0
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Variance-Covariance Matrix
n

Recall: the variance of a variable Xis givenby s2= 1 Z(x-%X)2

n n MR :
2 - _ C
=1 [Zx2-1 (Zx)2], where X isthe meanandthe xj are n values of X. ( Barardlionon bod
1 n K

If we have m variables instead of one and we have n values for each of these m variables, we can record
the data as an nxm matrix.

Bxample: 111 where X = days absent, X7 = attitude score, and
021 X4 = experience. There are 5 employees.
A= |4 32 Here m=3 (three variables) and n=5 ({five values each).
6 74
9108
134 145 105 Note that this matrix is symmetric (see problem 15). The diagonal
Then A'A= 145 163 Y17 elements are sums of squares and the off-diagonat elements are ‘3 e
105 117 @ sums of cross-products. e.g. 86 = £ X32, 117 = X XpXa. “é e "1
£ .
Le@be an nxn matrix with each ujj=1 (in the example n=5). Now calculate A'U A. Forthe example I 5
R h:é ~ :
20 23 f6 2o 3%
104 6 9|20 2316 |Note that each column of the second matrix has the sum of the
’ AUA=|1 2 3 7 10|20 23| 16} | values of the corresponding variable written n times.
112 4 8||20 236 |{eg 16=ZX3.
_20 23 16
400 (460> 320 Note that this matrix is symmetric. Also 460 = (X1 )(E Xa),
= | 460 529 368\ 256 = (£ X3)2, etc.
320 368 @ " Show s (e e 7 (L Spoom 4 Fesse
—_— ) e
The mean-corrected matrix of sums of squares and cross-products is givenby S=A"A - (1/n) A'U A.
"\_,_'—‘/ w
. s-ﬁa—c_aa “&- :
134 145 105 400 460 320 54 53 41
Inthe example, 8= (145 163 17| -(1/6)| 460 529 368] = |53 57.2
105 117 86 320 368 256 41 43.4(34.8

Note that 34.8 = 86 - (1/5) (16)2 = X X32 - (1/5) (T Xa)2

1
S

The variance-covariance matrix is givenby C =
n-1

S 135 ’1@7.5&')10.25 Note that 8.7 = (1/4)[86 - (1/5) (16)2]
_Inthe example, C=(1/4) S = | 13.25 3 10.85

1025 1085 = (I[EXg2 - (15) (EXa),

which is the variance of Xs.

(3, RS tenld K)o
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1.

’ The Normal Equations

Given m independent variables X4, X3, -, Xy and the dépendent variable Y. We want to find a linear

relationship (regression equation) Y =bg + b1X{ +baXp + * + bmXm. Suppose that for each of the
variables we have n values (cbservations). We can then write ther system of equations X B =Y, where

[+ y1 [bo | N
1 y2 b1
X= |0 X4 Xo - Y= | 8= - Coonll p237
- X X2~ Xm . : _ p23 r‘{
L
1 l I [ Yn | | b | st Namdrordine
nx(m+-1) nxi (Ml vt b &’P
\\MMQMM%% PR PR o e bt e
Typically the system has no solution (it is overdetermined) so we try to find a matrix BsothatY =X B+ E,
where
eq is the error term and B is the best approximation to a solution in the sense that
es |  thelength of the vector E is minimized, that is,
E= ' VE*E = ¥ Iei@ isas small as possible. This is the idea of “least squares.”
We will look at a geometric argument to obtain B. Recall that the e " el Yy Ny
shortest distance from a point to a plane is measured along a - rasdondt bae-
/ ’ perpendicular iine from the point to the plane. Also recall that a s i -

line will be perpendlcular to a plane if it is perpendicular
- —" (orthGgo ) 10 every ‘line in the plane passing through the point
‘ of intersection, of thé line and the plane. Using the generalization
. 37 of these geometric facts, we want to choose  so that the vector
SN g s orthogonal to the vector XB for every choice of B. That s,
we want to have y

e

XB)-E=0 {vectors are orthogonal when the lnner product is 0)
(XB)‘-(Y-XE):O {since from above we want Y = X§+E)

(XB)(Y-X ﬁ) =0 {writing the inner product as matrix multiplication)

(8" X)Y-XB)=0 - (apropeny of the transpose of a matrix) faitlnF= 3 A
BIX(Y-X B )1=0 (a property of matrix multiplication)

B [X'Y X'XB] 0 - (a property of matrix multiplication)

Since thls last statement must be true for every ch0|ce of B we must have XY - X'XB_
This gives us the normal equations

X'XB=X'Y

- .Note t.hgt_if XX is non-singular (invertible) then ﬁ:(X'X)'1X'Y.
| __Eygp it it is invertible, we can avoid calculating the inverse by solving the system of equations directly, i.e.

EXXY — - — 8]
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. Europe, 0.8 percent. .-

World popuiatwn grows

WASHINGTON (AP)—The world
population continues to grow,
especially in Africa, although the global
rate of growth has slowed in the last
five-year period, the U.S. Census
Bureau reported yesterday.

Worldwide, the report states, “‘the

- trend in the global population growth

rate has been generally downward in
recent years, the growth rate having
declined from about 2.1 per cent in 1845-
70 to 1.7 per cent in 1975-79.”" _.

DURING THE. SAME period, the
growth rate for Africa increased from
2.5 per cent to 2.9 per cent, highest in
the .worid, the report disclosed. By
comparison, Latin America had a 2.4
per cent growth rate in the 1975-79
period, while the rate was 1.9 per cent
in Asia, 1.1 per cent in Oceania; 0.8 per
cent in North America and 0.6 per cent

in Europe. Oceania includes Australia

and islands in the South Pacific.
Earlier, in 1965-70, the growth rate in
Latin America was 2.7 per cent; that of
Asia was 2.5 per cent; Oceania, 2 per
cent; North America, 1.1 per cent; and

L

"

The report notes that, while
population growth rates have declined
in most parts of the world, the absolute

number of people being added yearly to

the world’s total has not declined. That
is because the lower growth rate is ap-

plied to an ever-larger base population. .

THE REPORT FOCUSES on the 87

countries with populations of five

million or more. These countries con-
tain «97 per cent of the world’s
population.

The world's most popu]ous nation, the
report finds, is mainland Chipa with
more than one billion people. However,
the authors stress there are still uncer-
tainties about the quality and accuracy
of population information from China.

India was ranked second with 667

- million. The Soviet Union was third

with 263 million followed by the United

. of the

as rate of increase slows

States at 221 million and Indonesia at
148 million.

The continued high growth tate in

Africa is occuring “primarily because
birthrates are not declining in Africa as
they are in other places, Because the
birthrates are more or less steady and
death rates are declining, that means
an inctrease in the population growth
rate,” explained Ellen Jamison, chief
bureau’s International
Demographic Analysis Branch.

She noted that ‘““in many places in

Latin America and Asia there is much -

wider use of family planning methods
thanin Africa.”

“Also, in some African countries, fer-

© tility will increase before it decreases

because of improving health con-
ditions,” Jamison added. "\
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COUNSELING SERVICES is offering

a six week group on

PROFESSIONMISM and i‘he SUPERWOMAN
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