EXAMPLES OF MATRICES

1. Data Storage

Employee Number Days Absent  Attitude  Experience
1 1 1 1
2 0 2 1
3 4 3 2
4 B 6 7 4
5 ] 10 8

2. Dominance [S.S.Ulmer, “Leadership in the Michigan Supreme Court,” Judicial
Decision Making, 1963]
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3. Markov Process [Glass & Hall, “Social Mob.iiity in Great Britain: A Study of
Intergeneration Changes in Status,” Sccial Mobility in Great
Britain, 1954] o

U M L
Upper 448 484 068
Middle 054 £99 247 =P
Lower 011 503 486

where pijj is the probability that a son of a persoh working in an
occupation of class i gets a job in an occupation of class |

4. Systern of Linear Equations

Data: x y z Linear Model: z = a+bx+cy Simuftaneous Equations
0575 | 50 a+ +575¢ = 50
B0 | 857 | 406 a+ b0b +857c = 406
90| 397 | 994 a+ 80b +387c = 994
100 | 348 | 1016 a+ 100b + 48c =1016
1
Matrix Representation 1 0 575 ; 50

1 50 857 | 406

1 a0 387 ; 994

1 100 348 : 1016



SOME MATRIX ALGEBRA PROPERTIES ({THEOREMS)

1. A +B=B+A, if defined

2. A+(B+C)=(A+ B) + C, if defined

3. A+ 0 = A where 0 isazero matrix

4. A-A=0, where 0 is azero matrix

5, fA+B=A+C then B=C

6. A-B=A+(-B)

7. k0=0, _where 0 is a zero matrix and k is any real number
8. 0 A =0, where 0 is the scalar zero and 0 is a zero matrix
9. -(-A)= A

10. k(A+B)=kA+kB

11. ki{ko A} = (ktko) A

12. (k1 + ko) A=ky A+ koA

13. A(BC) = (AB)C, if defined

14. k (AB) = {(k A)B = Ak B)

15. A(B + C) = AB + AC; (A + B)C = AC + BC, if defined
16. (A+BY¥= (A+B)A+B)=A2+BA+AB+B?

17. IA = Al = A, where 1 is the appropriate identity matrix
18. 0A =0, where 0 is the appropriate zero matrix

19. (A=A

20. (A+B)=A"+B"

21. (K A = kA’

22. (AB) =B'A’

Cautions:
1. In general, AB = BA
2. if AB = AC then itis not always true that B=C

3. Il AB =0 then itis not necessarily true that A=00rB=0



Example [ S.S. Ulmer, “Leadership in the Michigan Supreme Court,” Judicial
Decision-Making, G. Schubert (ed.), 1963, 13-28.]

V KaDC S EKeB
v o1 0 1 1 11 1
Ka o o 1 1 1 1 1 1
D 16 00 1 1 1 A1
c o 0o 1 01 11 1 = D (dominance)
S ¢ 00 0 C 1 1 1 1 if i dominates j
E 0 0 0 0 ¢ 0 1 1 dij=
Ke ¢ 0 0 0 0 0O 1 0 otherwise
B 0 0 0 0 0 0O O

Justices in the Michigan Supreme Court, 1958-1860:

V = Voelker, Ka = Kavanaugh, D = Dethmers, C = Carr, S = Smith, E = Edwards,
Ke = Kelly, B = Black.

002 12345
1 0102 3465
Then 0101123 4
1 00012 3 4
D2= 00 0O0O0O 12
00 0O0O0GOCGO 1
000 0O0O0CO0OO
0 000O0O0GO0O0
01 1 15 2 25 3 35
5015 1 2 25 3 35
1 5 0 515 2 25 3
501 0 15 2 25 3
so D+1/2D2= 000 0 O 1 15 2
0 00 0 O 0 1 15
000 OO0 0 O f
000 00 0 0 0




Simultaneous Linear Equations

We will study m linear equations in n unknowns x-, Xz, -, Xp.

a{1 X1 +a12 X2+ +ainXn=by
Aoy X4 +ap2 Xo + - + 8o Xn=bo, Note: we don't require m=n

8m1 X1 + 8m2 X2 + - + 8mn Xn = bm

We can write this system of equations in matrix form as A X = B, where

alt a2 — a X1 by
A= |apt ap - ax X= }x3 B= |bp
am1 am2~ 8m | bm

We solve the system by considering the augmented matrix [AIB] and using Gaussian elimination.

Examples
1. 3x1 - bxp =-23 This system can be considered as giving the point of
X1+ Xo=3 intersection of three lines in a plane. The system has a unique solution
X1 +2xp =2 namely, Xy =-1,xp=4.
2. Giventhedata x|y]|z and the supposition that there is a linear
) 1113 relationship between x,y, and z such as
21212 Z=a+ bx+cy forsome numbers a, b, and c.
31316
Substituting the values of x, y, z in the linear equation we obtain a+ b+ ¢=3
a+2b+2c=2
a+3b+3c=6

This system has no solution {the system is gverdetermined).

3. The figure below shows a portion of one-way streets in downtown Baltimore. The arrows indicate
the direction of traffic flow and the numbers indicate the vehicle count per hour on that part of the
street during a typical early afterncon. Traffic signals are located at points A, B, C, D to regulate
the flow along the parts of the streets marked by x4, Xo, X3, X4. We assume that the number of

vehicles entering any intersection is equal to the number of vehicles leaving that intersection.

pieo ) i A: 300 + 500 = X1 + Xp X1 + Xp = 800
s i.a rd é“ ,"‘B': Xo + x3 = 300 + 400 X2+ X3=700
Ay ™9 C: 100 +400=x3+ %4 x3 + X4 = 500
R R D: xq+xq =600 X1+ x4 =600
e A w4 D ‘aoo
‘Lfoo I:;\\iis \;\iq

This system has many solutions (the system in underdetermined).



Gaussian Elimination Algorithm for Finding A-1

We perform elementary row operations of three types on the augmented matrix [AlL]:

(1) Interchange two rows (R « Rj)

(2) Multiply any row by a nonzero scalar (k R
(3) Add a multiple of one row to another row (k R; + R))

Algorithm
1. Start at the top row.
2. Is there a nonzero entry in the diagonal position?
No -- if possible, interchange with a lower row 1o get a nonzero entry
if not possible, then A-1 does not exist.
Yee< -. divide each element in the row by the diagonal element (pivol) to get a
1 in the pivot position. Note: this is the same as multiplying by 1/diagonal.
3. Add multiples of the row being considered to the lower rows 1o “sweep out” any

7.

Example: 1 -1 1)
A={2 2 0
4 4

nonzero entries below the pivotl.
Go to the next lower row and repeat steps 2 and 3.

Continue as in 4 until all rows are considered. You will now have an echelon
matrix (see p. 32).

Now begin from the bottom row and work up to sweep out nonzero entries above
the pivots.

When you reach the form [Il B] then B = A-1.

4

14 10100 2R+ [1 1171 00] ReaaBz [1 -1 11100

2201010 T [0 023210 T |08 8401

44-4,001|4R+Rs |0 8 8140 1 00 2:210
T 1 +

w1 -1 111 0 0| 1Rake |1 -1 oio 12 0] 1Ry 10031/2 0 18
—— |0 132 0 B[ —j0 1 011212 18] —> |01 041/2 -1/2 1/8
] . 1
ARR3[0 0 1 11 A2 0 [ -ReRy {0 0 1:1 -2 0 00111 -12 0
12 0 18 4 01
Al |12 <12 18] = 184 4 1

1 12 0 8-40



Variance-Covariance Matrix

Recall: the variance of a variable X is givenby s2= 1 X (x-X)2

-1 i=1

=1 [Zop?) - 1 (Zx)2], where X is the mean and
‘ n-1 n the x; are n values of X
If we have m variables instead of one and we have n values for each of these m variables, we can record

the data as an nxm matrix.

Example: 1 11 where X = days absent, X7 = attitude score, and
0 21 X3 = experience. There are 5 employees.
A= j4 32 Here m =3 {three variables) and n=5 (five values each).
6 7 4
9 108
134 145 105 Note that this matrix is symmetric {see problem 15). The diagonal
Then A'A = 145 163 117 elements are sums of squares and the off-diagonal elements are
105 117 86 sums of cross-products. e.g. 86 = X352, 117=3 X X3.

Let U be an nxn matrix with each uj=1 {inthe example n = 5). Now calculate A'U A. For the example

20 23 18

104 6 9]{20 23 16 | Note that each column of the second matrix has the sum of the
AUA=[1 2 3 7 10}|20 23 16 | values of the corresponding variable written n times.

112 4 8]l20 23 16| eg. 16=X X3

20 23 16

-
400 460 320 Note that this matrix is symmetric. Also 460 = (Z X1)(Z Xp),
=| 460 529 368 256 = (X X3)2, ete.

320 368 25C |

The meai;-corrected matsix of sums of squares and cross-products is given by S=A'A- (1/n) A'U A.

134 145 105 400 460 320 54 53 4
Inthe example, S= [145 163 117 -(1/5) [460 528 368| = {53 57.2 434
105 117 86 320 368 256 41 434 348

Note that 34.8 =86 - (1/5) (16)2 = £ X2 - (1/5) (2. X3)2
- 1
The variance-covariance matrix is givenby C= —_ S
n-1

135 13.25 1025 | Note that 8.7 = (1/4)[86 - (1/5) (16)2)
Inthe example, C=(1/4)S = {1325 143 10.85

1025 1085 87 = (1/4)[ZX32 - (15} (Z Xa)2],
which is the variance of X3. .



Gaussian Elimination Algorithm for Finding A-1

We perform elementary row operations of three types on the augmented matrix [A[I]:

(1) Interchange two rows (R; « R;)

(2) Multiply any row by a nonzero scalar (k Rj)
(3) Add a multiple of one row to another row (k R; + Rj)

Algorithm -
1. Start at the top row.

2. Is there a nonzero entry in the diagonal position?
No -- if possible, interchange with a lower row to get a nonzero entry

if not possible, then A-1 does not exist.
Yes .. lelde each element in the row by the diagonal element (pivot) to get a
1 in the pivot position. Note: this is the same as multiplying by 1/diagonal.

3. Add multiples of the row being considered to the lower rows to “sweep out” any
nonzero entries below the pivot.

4. Go to the next lower row and repeat steps 2 and 3.

5. Continue as in 4 until ali rows are considered. You will now have an echelon
matrix (see p. 32).

6. Now begin from the bottom row and work up to sweep out nonzero entries above
the pivots.

7. When you reach the form [Il B} then B = A-1.

Example: 1 -1 1]
A=l2 2 0

4 4 4

14 1,100 2Rk [1 11,100 RewR3 [1-1 11100

1

22010100 — 10021210 7 7108 8,401

44-41001|43Rg |0 8 81401 00 2t210
w11 111 0 0] 1ReRe 1 -1 0.0 o] 1trems[100t12 0 1B
—l0 142 o i8] — |0 1 ow/z 1/2 18] —— |01 01121218

]
-1;293001§1 A4/2 0 | -1Rg+Ry 001-1 A2 0 0011 -12 0
172 0 1/8] 4 01
Al= 12 A2 18] = 18144 1

1 12 0 840



The Normal Equations

Given m independent variables Xy, X3, ', Xm and the dependent variable Y. We want to find a linear

relationship (regression equation) Y =bp + b1Xy + boXo + = + byyXm,. Suppose that for each of the
variables we have n values (observations). We can then write ther system of equations X B =Y, where

- N - -
[4 1 by
1 l y2 | b1
X=|: X3 Xo = Xm Y=|: B=| -
_1 ‘ l l _ | ¥n | I_bmJ
nx(m+1) nx1 (me1)x1

Typically the system has no solution (it is overdetermined) so we try to find a matrix BsothatY =X ﬁ +E,
where

eq is the error term and 3 is the best approximation to a solution in the sense that
es the length of the vector E is minimized, that is,

E= : VEE = ¥ Zei2 isas small as possible. This is the idea of “least squares.”
€n

We will look at a geometric argument to obtain 8. Recall that the
shortest distance from a point to a plane is measured along a
perpendicular line from the point to the plane. Also recali that a
line will be perpendicular to a plane if it is perpendicular
{orthogonal) to every line in the plane passing through the point
of intersection of the line and the plane. Using the generalization
of these geometric facts, we want to choose Bsothat the vector
E is orthogonal to the vector XB for every choice of B, That is,
we want to have

XB)Y-E=D {vectors are orthogonal when the inner product is 0)
XB)- (Y- XAI?) =0 (since from above we want Y=X B+ E)
XB)Y(XY-X8)=0 (writing the inner product as matrix multiplication)

B XWY-XB)=0 (aproperty of the transpose of a matrix)

B TX(Y-X B J1=0 (a property of matrix multiplication)

BIXY-XX ﬁ] =0 (a propery of matrix multiplication)

Since this last statement must be true for gvery choice of B, we musthave XY - X’Xﬁ: 0.
This gives us the pormal equations

X'XB=XY

Note that if XX is non-singular (invertible) then ! =(XX)-1XY.
Even if it is invertible, we can avoid calculating the inverse by solving the system of equations directly, i.e.

[X'XEX'Y] — e — [Iiﬁ]
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THE DETERMINANT OF A MATRIX

A must be a square matrix. The determinant of A, writien det A or |Al, is a single real number assigned to
A. {Recall that the trace of A, as defined in problem 37, is also a real number assigned to A in a certain

way.) Atone time in history when matrices were small, determinants played a major role in solving systems

of linear equations, in analytic geometry, and in other parts of mathematics. Today, when we study such
large matrices, determinants do not have such a central computational role. However, they do give

important information about matrices and a knowledge of them is useful in some applications (for example,
the determinant of a variance-covariance matrix gives the concept of a generalized variance in muliivariate

analysis, the determinant is used to understand eigenvalues in principal component analysis, etc.)

We now give a recursive definition of the determinant.
Fora 1x1 matiix A={aq1], det A=aqq

Fora2x2 matrix A = {211 812 , det A =a11a22 - a1pa2q
8y ap

For an nxn matrix,
det A = 2j1Cj1 + aj2Cij2 + - + ajnCin,

where the cofactors Cjj = (-1 )i+i det Ajj
and Ajj is the submatrix obtained from A by deleting the ith
row and the jth column of A.

[This is called the expansion of det A across the ith row.] Also
det A = a1jC1j + az{C2j + - +anjCnj
[This is called the expansion of det A down the jth column.]

Note that the recursive definition gives the determinant of a 3x3 matrix in terms of determinants of 2x2
matrices, the determinant of a 4x4 matrix in terms of determinants of 3x3 matrices, etc.

1

Example: Find the determinant of the matrix 0 5
A=}14 0 3
2 1 4

(a) Expansion along the first row

detA= 0Cqq1+1Cq12 +5C13

4 3 40

2 4

Ci2=(-1)1*2det A2 = (-1) = (-1)(16-6) =-10; Cq3z=(-1)1*3det A13=(+1) =4

21
Therefore, det A = 1(-10) + 5(4) = 10
{b) Expansion down the second column

05
43

4 3
2 4

det A =1C12 +0C22 +1C32 = 1(-1)3 + 1(-1)5 =-1{16-6) + {-1){0-20) = 10




Properties of Detemminants

1, If Ais upper-triangular, thatis, fai1 a2 a1z - ain
0 app ap3 - agn

A= 0 0 az3 - an

0O O 0 am
= L

then det A = aq11a22a33 -

2. If B is obtained from A by adding a muttiple of one row of A to another row of A, then
det B = det A.

3. if B is obtained from A by interchanging two rows of A, then det B = - det A.

4. if B is obtained from A by multiplying a row of A by k0, then det B =k det A.

Example Use the properties to find the determinant of 015
: A=|4 0 3
2 1 4

015 2 1 4 2 1 4 2 1 4 2 1 4
A=|l4 0 3]—l4 0 3|—[0 2 5]|]—|0 1 5{—r|0 1 5| =B
2 1 430 1 5 0 1 5/®l0o 2 5 0 0 5

det A = (-1)(-1) det B = (2){(1)(5) = 10 [This is what we found using the definition. ]

Some Other Properties of Determinants

1. det A"=det A Note: this means that properties 2,3,4 above are true if row is replaced by
column.

2. If a row (column) of A consists of all zeros, thendet A= 0.

3. If a row {column) of A is a multiple of another row (column) of A, then det A =0.

4. if A is an nxn matrix and rank A <n, thendet A=0.

5. det AB = (det A)(det B).

6. det A1 =1/det A if A} exists.



A-1 Using Cofactors

There is a method for finding the inverse of a matrix using cofactors. However, this method has more
theoretical than practical value unless the matrix is small (e.g. 2x2 or 3x3). Since it is found in many texts it
is good to be familiar with it. Here’s how it works.

Given A = [aj]
1. Form the matrix of cofactors: C= [Ajj], where Ajj is the cotactor of aj.

2. Form the adjoint matrix of A: adjA=C"
3. Find det A

4.if det A=0 then A“1= (1/det A)adjA

Example 1 -1 1
A=} 2 2 0
4 4 4 8 8 16
1. C=|0 8 -8 Agp = cofactorof ap
2 2 0 =(-1)32 det |1 1|=(-1)(0-2)=2
20
8 0 2
2ZadA=C=({8 -8 2
i6 8 0 8 0 2
3. detA=16 4, A1=(1/16) |8 B 2
16 8 0

Note: Foran nxn matrix it requires the computation of n2+1 determinants. Soif A isa 10x10 matrix we
need the calculation of 100 determinants of 9x9 matrices (step 1) and one additional determinant of a
10x10 matrix (step 3). Fora 10x10 matrix there are approximately 3000 times as many arithmetic steps
as is required by the Gaussian elimination method we learned earlier so we probabily all prefer the Gaussian
elimination methed!

Cramer’s Rule for Solving AX = B

Given the system of linear equations AX =B where A is a square matrix (i.e. the number of equations
and the number of unknowns are equal} and det A = 0. Then to solve the system we find each variable

Xj= (det Aj)/(detA), where A; is the matrix obtained from A by replacing the ith column of A
by the column B.

Example: x1-2Xp=7 7 - [1 7]
3x{+ X2=5 xt= I8 =177 xo= |3 5/ = -16/7

1 ZI 1 2

3 1 3 1

Note: For n unknowns this method requires the computation of n+1 determinants! For example, if
there are 10 equations and 10 unknowns we would need to compute 11 determinants of 10x10
matrices. The use of Gaussian elimination is computationally shorter. Also Gaussian elimination does not
require A to be square or for det A to be not zero. So we probably alf prefer the Gaussian elimination
method for solving the linear system AX =B. '



Eigenvalues and Eigenvectors

Definitions: A is an nxn (square) matrix. An eigenvalue of A is a number A such

that it is possible to find a non-zero vector X with the property that
AX = L X. The vector X is called an eigenvectorof A associated with

the eigenvalue A .

Note: If X is an eigenvector of A associated with A then kX Is too for any scalar k.

How to Find Eigenvalues

f AX= A X then AX-AX=0 so AX-AIX=0or (A-AHX=0.
Since X =0, this homogeneous system of equations must have rank less than

n andso det (A-AI)=0. Note that this is equivalent to saying that
(A-AI)" does not exist orthat A-A1 is singular. We call

det (A - L I) = 0 the characteristic equation for A and we solve this equation
to find the eigenvalues A.

Example: A=[2 1J.A-n=[2-l 1]*50 det (A-A D) =(2-2)2-1

1 2 1 2-A

B (2-02-1=0 then A2-4AL+3=0 or (A-3}A-1)=0.
So A=3,1 arethe eigenvalues of A.

How to Find the Associated Eigenvectors

We solve the homogeneous system of equations (A-AI) X =0 for X,

Example: Forthe matrix A above we found the eigenvalues A =3 and A =1.

For A=3 we have (A-31)X=0 or [-1 110] [1 -1?10]
1l0|7

1 0 0!o0
So Xy= | K|= K|
L _
Fori=1wehave |1 1, O] [t 110 So Xo = 'k=k'1]
1 1. 0[7l0 00 k 1

Wa could always get unit eigenvectors (see problem 8h) by taking k
sroperly. In this example, taking k = 142 we get Xy and X3 to be

linearly independent, orthogonal, unit vectors.



Application: Principal Components

3
Suppose that C = 4| is the variance-covariance matrix for three variables
5

X1, Xo, and Xj3 (recall an earlier handout).

wwm
b1 W

The eigenvalues of C are found to be 12, 3, 1 (arranged from largest to smallest) and

the corresponding unit eigenvectors are
13| |-2HB 0
13| , | IN6|, |MIA2
N3] [ 1NB| [1A2

From C we see that the total variance is the sum of the variances of the three
variables, namely, 6 +5+ 5 = 16.

Observe: * this sum is the trace of C (see problem 37 for the definition of trace).
« this sum is the sum of the eigenvalues (12 + 3 + 1 = 16).

This observation will always hold.

Now consider the following linear combination of the variables Xj, X, Xa:
Y1 =1A3 X; + 1N3 Xo + 1N3 X3

where the scalars are the entries in the first eigenvector above.

The variable Y, is called the first principal component. It will account for 75% of the
total variance since it comes from the largest eigenvalue 12 and 12/16 = 0.75.

The variable Yo =-2N6 Xj + 16 Xz + 1/W6 X3 is the second principal component.

The first and second principal components together account for almost 94% of the

total variance since 12+ 3 = 0.9375.
16



MATHEMATICS FOR SOCIAL SCIENTISTS II
MATRIX ALGEBRA EXERCISES

The following matrix shows the average daily traffic (in thousands rounded to the
nearest 1000) between five regional municipalities in Canada for the year 1996.
(Data from the Joint Program in Transportation, University of Toronto)

From: To:
MT D Y P H
1. Metro Toronto 4010 a5 319 281 43
2. Durham a5 725 24 6 i
3. York 318 25 769 38 4
4. Peel 284 6 39 1189 71
5. Halton 43 1 4 71 528

(a) What is the average daily traffic from Durham to Peel?

(b) What is the average daily traffic from Halton to Metro Toronto?
(c) What is the intemal traffic in Peel?

(d) Between which two municipalities is there the largest daily traffic?

(¢) What is the total number of vehicles that leave York for the other four
municipalities?

(f) What is the total number of vehicles that enter Metro Toronto from the other four
mur]icipalities?

The following transition matrix records the expenditure quintiles for 4,304 households
in Vietnam for 1993 and then in 1998. Quintile 1 is the poorest and quintile 5 is the

richest. (Data from the World Bank)
Expenditure Quintile 1998
1 2 3 4

Expenditure Quintile 1993 total
1 448 230 124 51 8 861
2 237 259 217 115 33 861
3 113 207 218 230 93 861
4 47 125 214 282 193 861
5 16 40 88 183 533] _860

4,304

(a) What percent of these households moved from the poorest to the richest
quintile?
(b) What percent of these households remained in the same quintile?

(c) Which quintile seems 10 have the highest chance of staying in the same quintile?

(d) What percent of the households moved either up or down one quintile?
1



6 2 6 ¢

Given the matrices 1 2 2 -1 -2 1
A=|3 4 B={0 3 C=[0 -3
5 6 -4 5 4 -5

Find: (a)A+B (b)(A+B)+C (c)A+(B+C) ()A-C (€)B+0 (JA-A

Find values of a, b, and ¢ so that [3-5 b+3] — [7 -3]

The matrix P gives the energy production in 1997 in three non-renewable sources
for four countries. The matrix C gives the energy consumption in 1997 for these
countries. The humbers are the energy equivalents of a billion metric tons of oil.
The sources are: Solid fuels (e.g. coal), Liquid fuels (e.g. oil), and Gas (natural gas).
(Data from the World Resources Institute)

Soiid Liquid Gas _
Australia [139.0 27.9 25.6
Germany P = 70.2 3.5 16.1
Iran 0.6 184.6 38.4
United States | 561.9 396.6 4421,
Australia 42,3 35.6 16.9
Germany C= 86.3 139.3 71.2
Iran 0.9 67.6 38.3
United States 513.3 854.5 508.0]

Find the matrix P - C and interpret the entries.

Given the matrices 1 3 - 3 -5 7
A=14 2 ¢ B=1o 4

Find:
(@ 3A (b)) A+2B (c)(1/2)A-B

SoiveforX: (d) A+X=B (e) B-2X=A

For the matrices A and B as in Problem 6 and for the numbers p =5 and q = -2,
show that

(@) p+q)A=pA+qA (b) p(A+B)=pA+pB

(¢) (pg) A=p(q A) (d) (1)A=-A () OA=0 .
[0 a scalar, 0 a2 matrix]



10.

11.

Given the vectors

Find:
(a) a+b (b) 2a+3b

Determine:

(/) xsothat a and ¢ are orthogonal vectors

(g) the length of b

(h) a unit vector (that is, one with length 1) having
(that is, a positive scalar multiple of b).

the same directionas b

Compute the following multiplications:

@ [t 1] [g]

Given the matrices 1
A = 0

Compute (if possible):

(@) AB  (b) BA

For the matrices I:-E
A

1
Find:

(a) A(BC) (b) (AB)C
(e) A2 () 1B

(c) CA

(d) AC

1] [1 0 ~1] [1
2l B=|0o -1 1]lc=]2
1 4 1 0 3
(©) AB+C)  (d) AB+AC

(9) 0C

3



12.

13.

14.

15.

Consider the matrices a b
¢ d | withad-bc#0 and

d -b

B= _1
ad-bc -C a

Find AB and BA. Note that for a scalar k, A(k B) = k (AB).

Using A= |1 2 and g=|1 2 0O
3 4 O 3 4

verify that
(@ (A) =A (b) (AB)=B'A" (c) (3B)=3B"

if A and B are arbitrary 2x2 matrices, which of the following statements are
always true? If a statement is not always true, give an example to illustrate why
it may not be true.

(@) (A+B)?=A?+2AB+B2 (b) (A-B)2=A2+B2-AB -BA

(c) (AB)? = A2B2 (d) (AB)) =AB" (e) (A+B)' =A"+B’

A matrix is called a symmetric matrix whenever A" = A. Find the values of a, b,
and c if the following are symmetric matrices.

[3 a 5] [1 2 a J
@ - |1 b 2 ) {b 3 ¢
‘ c 2 0 2 0 7



16.

17.

In a certain district there are 20,000 voters who are registered as either
Democrat or Republican. The percentage of each by different age groups is
given by the following matrix:

Democrat  Republican
Under 30 70 30
30 - 50 .60 AQ = A
QOver 50 A0 .60
The distribution of registered voters by age is given by the following matrix:
Under 30 30-50 Over 50
B= [6000 9000 5000 }

(a) interpret the entries in the matrix BA.

1) If an election were held, which party would be expected to win, assuming
that the voters select the candidate of the party in which they are registered?

(c) What would be the expected result if B=[3000 5000 12000]7?

According to the California Current Population Survey, during the past decade a
greater number of persons annually leave Califomia for other states than enter
California from another state. From the data for 2001 we estimate the fractions of
the population staying or moving between California (CA) and the rest of the United
States (US) and enter them in the matrix M.

From\To CA us
CA .981 .019

. —m
us .002 .998

The population distribution of CA and US in March 2001 is approximated by
P=[126 8741

Assuming this pattem continues (i.e. we have a Markov process) determine

(a) The population distribution in 2002.

(b) The populaﬁon distribution in 2003.



18.

19.

20.

21.

Write each of the following systems of equations as a single matrix equation of
the form AX = B.

(@ 2x - 3y+4z =5 b)) X9 + 2% + 3%x3 + 4x4 = O

X+ 4y+2z2 =7 2X1 + X2 - 3x4 = -1
4x- 2y- 3z =9 3X1 - Xg 4+ 2X3 + Xq4 = 2
€) x+ y=1
33X - by = 0
2X + 7y = 2

Recently Malta has shown a high tumout in parliamentary elections as the following
data from the Electoral Office indicates.

Year 1951 1962 1971 1981 1992 1998
X = time since 1951 0 11 20 30 41 47
y = number voting 604 794 776 860 953 95.9

number voting age

Suppose there is a straight-line regression relationship between X and Y. Write
the matrix equation y = X B + e for these observations (see Namboodiri p.23).

[Optional--it comes up in multivariate analysis]

2 3 1
0O 1 4

(a) Compute XAX" where X=[x v z] and [‘I -2 O]
. A=

Note that A is a symmetric matrix.
(b) Write the quadratic polynomial 4x2 + 6xy + y2 - 8xz - z2

as a matrix product as in (a).
(Hint: get a symmetric matrix from the coefficients.)

[Optional; do if you want to see the variance-covariance matrix]

An experimental class was given a pretest and a final test. The
scores on the two tests are as follows:

Xi=pretest |24 23 17 13 26 25 10 13 10 13

X5 =final test |52 43 43 19 35 64 19 24 42 48
Obtain the variance-covariance matrix C for the variables Xy and Xo.

6



22.

23.

24.

25.

26.

Show that for the matrix 1 3
A=i> ¢

it is not possible to find a 2x2 matrix B so that AB =1, where I is the 2x2
identity matrix.

Find, ¥ possible, the inversz of each of the following matrices:

3 0 0 1 1 1 i1 1
@ |1 2 b (0 -2 ol [t 2 1@ [3 3 -
3 4 0 0 4 2 -1 1 11 2

Consider the matrices
A= 1 2| g= 1 3 C= 2 3
3 4 2 4 4 -1

(a) A is found in Exercise 23 (a). Whatis B'? (This is easy; see how B is
related to A.)

(b) Find C-.

(¢) Calculate AC, (AC)?, and C-1A-1. Notice the relationship between two of
these.

(d) Showthat (A1 =(AT)".

A matrix A is called an orthogonal matrix if A1=A"(.e.if AA'=A'A=1).
Find values of x so that the matrix

A= X -2X
2X X

is an orthogonal matrix.

[Optional; do if you know some trigonometry]

End Alif A= |COS9 -sin @
sin @ cos @

7



27.

28.

29,

30.

31.

(@) f AB=C and A isinvertible, find B.

(b) If B=PAQ, where P and Q are invertible, find A.

(c} Giventhat AX =B +2 X. State conditions on A and B that will enable
us to solve for X. Solve for X under these conditions.

(d) Repeat as in (¢) for the matrix equation AX + BX =B.

(Optional) If A1 exists and A2+ 3A-21=0,find A1,

Given the system of linear equations

X+2y=5
3x-4y =6

(a) Write the system as a matrix equation of the form AX = B.

(b) Solve for X using A™.

Deiermine the rank of each of the following matrices by reducing them to

echelon fom:

(a)r 5 -1] (b)
2 10 2

4 8 4

Find the solution to each of the following systems of linear equations.

(@ x +4y-2z =4

2X+7y- z= -2

2X+9y-7z= 1

) x+ y+ z=

0

ZA+5y+3z = 1

“X+2y+ z =

() x+2y - z =
2X-y+32=

2

5
0

0
2
0
0

(c) [ 1
-3
7

OWoO =
WO O
OO

(b) x+ vy =0
4x + 6y+8z =0
2y+8z =0
(d) x4 + X3
X2 + X3
Xo + X4

X1+ Xo+ X3 + X4

-2
6
-14



32.

33.

34.

35.

36.

37.

A system of linear equations with 5 unknowns has a unique solution.

(a) What is true about the ranks of the coefficient matrix and the augmented
matrix?

(b) What must be true about the number of equations?

A system of linear equations with 6 unknowns has no solution. The rank of the
coefficient matrix is 5.

(a) What is true about the rank of the augmented matrix?

(b) What must be true about the number of equations?

A system of 6 linear equations with 7 unknowns has many solutions. The rank
of the coefficient matrix is 4.

(a) What is true about the rank of the augmented matrix?

(b) How many of the unknowns are “free” and can be assigned arbitrary
parameters?

A system of homogeneous linear equations with 7 unknowns has only the trivial
solution. What is the rank of the coefficient matrix?

Find the equation of the parabola y=ax2 + bx +¢ which passes through the
points (1,1), {2,7), and (-1, -5). (Hint: when is a pointon a curve?)

The trace of an nxn matrix A = [a;] is defined to be the sum of the diagonal

- n 23
elements, i.e. trA= Y a; Forexample,if A= [ ] then trA=2+5=7.

i1 4 5
Forthe matrices 5 _|1 2 B=|3 2
3 4 -1 1
verify the following:
(a) r3A=3trA (b) tr(A+B)=trA+trB
(c) tr AB=tr BA (d) tr (B1AB) =1r A

9



38.

39.

40.

41.

(@) Show that the vector [2] is a linear combination of the vectors

HidH

(b) Show that the vector [2J ts not a linear combination of the vectors

R

(@) Show that the vectors

(o) Show that the vectors

Determine whether the vectors l:

-1

|

are linearly dependent or linearly independent.

are linearly dependent.

are linearly independent.

[Optional; do if you want to see the matrix form of the normal equations]

In a study of the possible relationship between smoking and lung cancer, the
variable x represents cigarette consumption (per capita) in 1930 and y
represents lung cancer deaths (per million) in 1950. Note: the study included 11
countries but only 4 are given here to simplify the computation.

X y
Norway 250 96
Sweden 265 115
Denmark 375 160
Holland 480 245

Use the matrix form of the normal equations to obtain the parameters in the
linear refationship y = bg + b4x.

10



42.

43.

44,

45,

46.

47,

Considerthe matrices A= |! 2| and B=|2 -1|. Find
3 4 3 4

(a) detA (b) detB (c) detAB (d) detBA (e} det Al (f) dét A’

3 6 1

Given the matrix -1 4 5
A=
2 5 7

(a) Find det A by expanding by cofactors along the first row.

(b) Find det A by expanding by cofactors along the second column.

Find the determinant of each of the following matrices:

@l1 1 3 b [1 2 3 © [1x 2 -1
4 2 2 4 5 6 o x 1
2 1 -1 7 8 9 3 0 2x

if A and B are arbitrary nxn matrices, which of the following statements are
always true? If a statement is not always true, give an example to illustrate
when it could be false.

(a) det(A+B)=detA + detB

{(b) det AB = (det A)(det B)

(c) det3A=3detA

Use the adjoint method to find the inverse of each of the following matrices:

@ |1 2 2 1 0
3 4 (b) 0 2 1
1 0 1

Use Cramer's Rule to solve the system X+2y =5
3x-4y = 6

11



48.

49.

50.

Find the eigenvalues and the eigenvectors of the following matrices:

@[3 2 2 4 2 2 2 0
4 5 (b) 0 3 -1 (©) 1 1 2
0 0 O 0 1 2

(d) For each of the matrices M in (a), (b), (c), show that the sum of
the eigenvalues equals the trace, i.e. trM = X, & ; and that the product of

ine eigenvalues equals the deterrninant, i.e. detM =TI ;.

(e) [Optional: see Namboodiri pp.83-86] For each of the matrices M above,
obtain the diagonalization M=P A P! (thatis, determine Pand A ).

[Optional; for those who want to see principal components]
Suppose that the covariance matrix for two variables Xy and X5 is [14 6]
6 5

(a) Show that the eigenvalues of the matrix are 17 and 2.

(b) Show that the first principal component is 2A45 Xy + 145 X5, which gives
almost 90% of the total variance.

[Optional] Suppose that the covariance matrix of a study of three variables Xj,
Xo, aind X3 is

N W
W N =

4

c= |1

1

(a) Show that the eigenvalues of C, arranged from largest to smallest are 6,
3,and 1,

(b) Find the first principal component and determine what percent of the total
variance is accounted for by this new variable.

(c) Find the second principal component and determine what percent of the

total variance is accounted for by this new variable. The first two principal
components account for how much of the total variance?

12
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EXAMPLES OF NON-LINEAR FUNCTIONS

1. U.S. Military Spending (Center for Defense Information; outlays in billions of 2002 doflars)

Year l 1980 1982 1984 1986 1988 1990 1992 1994

1996 1998
Amount ($hiilion) ,

3034 3394 3817 4266 4264 4097 3795 3386 3074 2967

In plotting the data, a parabola is suggested. The best fitting quadiratic is

y = 306.7 + 25.1x —~ 1.5x2.  Note: x = 0 corresponds to 1980.

2. AIDS Cases in the United States (Centers for Disease Control data subject to substantial retrospective
changes. AIDS was not a notifiable disease until 1984)

Year '1984 1986 1988 1990 1992 1994 1996 1998 2000 2002

Cumulative Total (x1000)| 11 43 108 201 341

494 625 718 800 883

A study of the data (as well as theoretical considerations) indicates that a cubic equation is an
appropriate model. The best fitting cublc (with rounding} is

y=-0.25x3+7.14 x2 + 0.34x + 10.69. Note: x = 0 corresponds to 1984.

3. ‘Cube Law” (Readings in Math.Soc.Sci., Lazarsfeld & Henry; also Amer. Pol. Sci. Review, June 1986)
In a two-party system, let y be the proportion of seats won in an election by one party and
let x be the proportion of votes won in the election by that party. Then we have the rational
function y= x3

(1 —x)% +x3
4., Prisoners (data from the U.S. Depariment of Justice)

For the years 1970-2003 the number of sentenced prisoners (per 100,000 residents) under
jurisdiction of State and Federal correctional authorities can be approximated by the

exponential function  P(t) = 85.5 (1.06)!, where t = 0 corresponds to 1970.

5. Urban Cencentration (data from U.S. Census Bureau)

The most populous 100 cities in 2000 are ranked and their populations are noted. The
population P (in millions) in terms of the rank R is given approximately by the power function

P =579 R0-74 (e.g. San Antonio has R = 9 and P = 1.15; the formuia gives P = 1.14)

6. Daylight in Ann Arbor (data from U.S. Naval Observatory)

The number of minutes of daylight in Ann Arbor is approximated by the trigonometric function

f(x) = 182 sin (0.017x ~ 1.39) + 728, where x denotes the day of the year.



USING DERIVATIVES FOR THE GRAPH OF A FUNCTION

Given a function y = f(x) and suppose that we have found f(x) and " (x).

1. Some information from the first derivative §’

If f'(a) > 0 then fis jncreasing at x = a.

iff'(a) < 0then f{ Is decreasing at x = a.
I f'(a) = 0 then f is stationary at x = a.

2. Some information_from the second derivative §°

if{”(a) > 0 then fis gconcave yp at x = a.

if{”(a) < 0then fis concave down at x = a.

Ift”"(a) = 0 then we will need to examine further the situation at x = a (see the
exampies below).

3. Local Maxima and Minima (Exirem
Suppose that f is stationary at x = a (lLe. f'(a) = 0)

(a) First derivative test:

- If {" is negative to the left of a and positive to the right of a then f has a
local minjmum at x = a. .

* It " is positive to the left of a and negative to the right of athen f has a
local maximum at x = a.

(b) Second derivative test:

«Iff"(a) >0 then fhas a local minimum at x = a.

* If1”(a) < 0 then f has a jocal maximum at x = a.

* It £7°(a) = 0 then this test fails and we must use the first derivative test
(see the examples below).

4, Inflection Point

If 1 is positive on one side of x = a and negative on the other side of x = a
then f has an infigction point at x = a.

This often (but not always) happens when f”'(a) = 0; you must test on either side
of X = a to see if there is a change in the concavity.

Examples: Compare the situation for the functions f(x) = x3, f(x) = x4, and f(x) = - x6. All
three have f'(0) = 0 and f"(0) = 0 but the first has an inflection point at x = 0, the second
has a local minimum at x = 0, and the third has a local maximum at x = 0



Lerenz Curves — The Gini Index

if we consider the population of the United States and the income each person receives, we might note
some inequality. For example, the U.S. Census Bureau reports that in 2000 the lowest 20% of the
popuiation shared about 4% of the total household income while the top 20% of the population shared
about 50% of the total income. If we graph the fraction of income against the fraction of the population
and draw a smooth curve through the data points, we obtain what is called a Lorenz curve. This type of
curve is also obtained if we graph the fraction of the population of New York State in 1960 against the
fraction of seats represented by that fraction in the State Assembly. And we obtain this type of curve if we
graph the fraction of the countries of the world against the fraction of the total energy used. There are
other examples as well.

Let's return to the original example (household income and population of the U.S. in 2000).

Fraction of | Fraction of

Population| Income
0.00 0.00
0.20 0.04
0.40 0.13 income
0.60 0.27 fraction
0.80 0.50
1.00 1.00

Bratrasminsntans ettt mmbm =t

o b1 oM bb D%

3

Population fraction

Note: I there is absolute equality then the Lorenz curve would look like the dashed curve (- - -} and if
there is absolute inequality it would ook like the dotted curve (). Usually it looks like something
in between like the solid curve (—).

One of the measures of inequality is the Gini Index (GI). It is obtained by comparing the area between the
Lorenz curve and the dashed line with the area of the right triangle formed by the dashed line, the dotted
line, and the horizontal axis.

Gl = arkabetween the Lorenz curve and the dashed line = area between curve and dashed line
area of the right triangle 1/2

2 {area between the Lorenz curve and the dashed line)
2({1/2 - area under the Lorenz curve)

So GI = 1-2A , where A isthe area under the Lorenz curve
Note: For absolute equality, Gl = 1 - 2(1/2) = 0 and for absolute inequality, GI =1 - 2(0) = 1.

PROBLEM: How do we find A, the area under a curve?



MATHEMATICS FOR SOCIAL SCIENTISTS H
CALCULUS EXERCISES

The U.S. Census Bureau reported that the median age for women at first
marriage was 22.0 in 1980 and 25.1 in 2000. Suppose that there is a linear
relationship between the median age y andtime t{lett=0 correspond to 1980).

(a) Obtain the linear relationship.

(b) Write a sentence that explains the meaning of the slope and the y-intercept in
the linear relationship you obtained in (a).

The National Highway Traffic Safety Administration reports fatalities that are alcohol-
related. From 1982-2000 the percentage is approximately a linear function of time.
In 1982 the percentage was 57% and declined approximately 0.8% a year. If
the linear pattern would continue, what would be the best estimate for the
percentage in the year 20027

The table below shows the number per thousand resident population of sentenced
prisoners under jurisdiction of State and Federal correctional authorities for selected
years. Source: U.S. Department of Justice

Year ' 1960 1964 1970 1975 1985 1995 2002

Number I 117 111 96 111 202 411 476

Find the average rate of change for the number per thousand between the years
(a) 1960 and 2002 (b) 1960 and 1970 (c) 1964 and 1975

(d) 1970 and 2002 (e) 1960 and 1975

Lety =f(x) = x2 - 4x + 7. Find the average rate of change of y as x changes from

(a) 1to4 (b) 1103 (c) 1to2



For y=f(x)=x%-4x+7 andx =1 a fixed value of X,

(a) Find %({ when Ax=3; when Ax=2; when Ax=1; when Ax=0.1;
‘ when Ax=0.01. _

(b) What do 'you think happens as we let Ax get smaller and smaller?

There is a mathematical model used by sociologists to study how a rumor
spreads (see J. Coleman, An Introduction to Mathematical Sociology).
Suppose there is a town of 10,000 people and N(t) denotes the number of
people in the town who have heard a rumor after t days. Values of N(t) are
tabulated and a smooth curve is drawn through the data points. For example,
N(2) = 40 so after 2 days 40 people have heard the rumor.

N()

0 1 10.000

1 6 y 0%

2 40 E 5000

3 245 T 7000

4 1368 2

5 5000 g

6 8631 g 00

7 9754 E 4000

8 9960 W 3000

9 9994 =

10 9999 = 200
1000

(a) Use the given table to estimate the value of the derivative of this function at
t=2, t=5, and t=8.

{b) When does the rumor seem to spread less rapidly? Can you give a reason
why this is s0?

(c) When does the rumor seem to be spreading most rapidly? Can you give a
reason why this is so?



10.

11.

Find 4y foreach of the following functions:
ax

(@) y=-25 (b) y=15-(3/2) x (€) y =-4x2

(d) y= x5 e y=28
X5

Given that f(x) = 3x% - 6x2 + 7
(a) Is fincreasing or decreasing at x =27
(b) What is the slope of the tangent to the curve at x =- 27

(c} Whenis f stationary?

If f(x)=2x3-3x%-12x + 5, for what values of x is f decreasing? (Give an
interval of values that x can take on so that f is decreasing on that interval.)

Dctermine 9y for each of the following:

dx
(a) y=(x%-1){3x + 10) b) y= 2
5-2x2
(c) y=(2x-5)° (dy=Vx5-3

Find the inflection points for each of the following functions:
(a) f(x) =2x3-9x2 + 12x (b) f(x) = x*- 6x2 + 5x - 6

(c) f(x) =43 -3x4 (d) f(x) =x*-4x -1



12.

13.

14.

15,

Find the maximum and/or the minimurn value of f(x) for each of the following:
(a) f(x) =10 + 24x - 3x2 (b) f(x) = (1/3) x® - (1/2) x* - 6x

(c) f(x) = (1/4) x* - 8x2 + 10

Suppose that the annual profit P (in dollars) for a cable TV company obtained from
the monthly fee r (in doliars) that the customers are charged is given by

P(r) = - 20,000r% + 1,820,000r - 1,750,000
(a) What monthly fee would maximize the profit obtained from the monthly fees?

(b) What would be this maximum annual profit?

Climbing health care costs in the United States has been a source of concem for
some time. Data from the U.S. Heaith Care Financing Administration shows

the average yearly per-capita national health expenditures (in dollars) for selected
calendar years as follows: :

Vaar Per-capita expenditures

1860 143 (a) Plot the data. Do you think & linear
1965 204 function or a quadratic function
1970 348 would be more likely to model the
1975 591 data?

1980 1067

1985 1761 (b) Let x represent the year (x=01s
1980 2738 1960) and y represent the per-
1995 3698 capita expenditures in dollars.
2000 4637

The best fit linear function is y = 114.7x - 606.4 and the best fit quadratic function is
y =3.3x2- 15.4x + 152.6. Use each to estimate per-capita expenditures in 2002.

Psychologists studying short term memory recall, found that the percentage P of
racall was a function of the time t seconds after the item was last seen. They said
that the data best fit the negative exponential function

P(t) = 16 + 8470011,
(a) What is the percentage of recall after 60 seconds?
(b) How many seconds does it take for P to be 25%7?



16.

17.

18.

19.

Determine the maximum and/or minimum of the function

y = f(x) = 8xe"® - 500

The growth of population in Mexico City proper was phenomenal during most of
the 20th century, spurred by migration from the provinces and a high birthrate. From
1950 through 1970 it grew from 3,050,000 to 6,874,000.

(a) Let P(t) be the population as a function of time and use the exponential model
P() = Py e, where t=0 corresponds to 1950. Determine P(t) explicitly

(i.e. get Py and r).
(b) In 1970 the government began a concerted effort to reduce birthrates and to
decrease migration through the creation of jobs in other regions. In 1990 the

population was 8,236,000. What is the exponential growth rate for the years
1970-19907

Someone determines that the cost (in dollars) of processing each
application in a state welfare agency is given by
¢(x) = 0.005x% - 16 In x + 70,

where x is the number of analysts working in the agency. Find the value of x
that will minimize the cost for each application and give that cost.

Consider the function f(x,y) = 20x2 - 30y® + 10x2y
(a) Find f(10,10)

(b) Find the actual change in the value of f if x is increased by 1to 11 and y
remains 10, that is find
f(10+1,10) - 1(10,10)

1

(¢} Find the instantaneous rate of change of f when x changes and y remains
10, that is, find the value of of at (10,10).
oX

(d) Modify (b) and (c) to study the case where x remains 10 and y is increased
by 1 and the value of_g)i at (10,10).
Y



20.

21.

22.

Find the stationary point for the function f(x,y) = 5x2 + 4y2 + 2xy + X + 1.

In congressional elections for 1974, the Republican percentage R of the
Republican-Democratic vote in a district is given (approximately) by

R = 15.4725 + 2.5945 Eg - 0.0804 Eg? - 2.3648 Ep + 0.0687 Ep?
+2.1914 Ig - 0.0912 Ig2 - 0.8096 Ip + 0.0081 Ip2 - 0.0277 Erlr
+0.0493 Eplp + 0.8579 N - 0.0061 N2,

where Egr, Ep = campaign expenditures (in units of $10,000) by Republicans
and Democrats, respectively
Ig, Ip = number of terms in Congress plus 1 for Republicans and

Democrats, respectively
N = percentage of the two-party presidential vote that Nixon
received in the district in 1968.

[From Soc.Sci.Quart.,, Vol.58, No. 4 (1978), pp. 671-682]
In 1974, Congress set a limit of $188,000 for legal campaign expenditures.

(a) Based on this model, would you have advised a Republican candidate who
had served 9 terms in Congress to spend $188,000 on his campaign?

(Hint: look at dR)
JER

(b) What would be the expected percentage change for a Republican
challenger (i.e. Iz = 1) who spent $150,0007

(c) Find the percentage above which the Nixon vote in a district had a negative
effect on R. (Hint: look at when dR <0)
oN

Find each of the following indefinite integrals:

(@) |x2dx (b) [Vx dx (©) J (x®-x+3)dx
(d) |e? dx @ J_ 1 ox
X+1



23.

24,

25.

Consider the function f which is graphed below. Which of the following is the -
best estimate of the definite integral 6

[ i) dx?
1

@ -24 (b)9 (c)20  (d) 38

Explain how you determined your answer.

N

‘Y

47\ ’/'

ol A

0 1 2 3 4 5 6 7 8

Find the area under each of the following curves:
(@ y=x3+1 from x=-1 to x=1.

(b)y=e™ from x=0 to x=1.

(a) In 1990 the Lorenz curve in the United States for income in households was
given approximately by I{x) = x2°. Calculate the Gini Index for that year.

(b) In 2000 the Gini Index for income was 0.460. What is a reasonable equation
for the Lorenz curve?



26.

One of the earliest pollution problems brought to the attention of the
Environmental Protection Agency (EPA) involved a lake in South Dakota. For
many years a small paper plant near the lake had been discharging waste
containing carbon tetrachloride into the lake. Atthe time the EPA leamed of the
situation, the chemical was entering at a rate of 16 cubic yards per year. The
agency ordered the installation of filters to slow (and eventually stop) the flow of
carbon tetrachloride from the mill. The implementation of the program took
three years, during which the flow of pollutant continued at a steady 16 cubic
yards per year. Once the filters were installed the flow declined but from the
time they were installed until the time the flow stopped, the rate of flow was
approximated by

Rate (in cubic yards per year) = t? - 14t + 49,

where t is time measured in years since the EPA learned of the situation.

(a) Draw a graph showing the rate of carbon tetrachloride inio the lake as a
function of time, beginning at the time the EPA first learmed of the situation.

(b) How many years elapsed between the time the EPA learned of the situation
and the time the pollution flow stopped entirely?

(¢) How much carbon tetrachloride entered the waters of the lake during the
time shown in the graph in part (a)?
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