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Musical Notation

Note/pitch

frequency 7→ note

Best visualized by a keyboard

Length of note

quarternote ♩ = one beat

half note 
=two beats whole note �
eighth note �
Rests are identical
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The problem arises

The YIN makes a guess at every interval, regardless of the input!
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HMMs

The question

How do we determine which of these
notes to keep?
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Intro
HMMs

Why hidden?

Traditional Markov Processes are useful but...

they assume we can determine states by direct observation.

When primary fails, look to secondary!

?start ? ?

O1 O2 O3

?

O4
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Notation

H = {s1, s2, . . . , sN} Possible states (notes)
P = {o1, o2, . . . , oM} Possible observations (note guesses)
N = Number of states (How many notes we consider)
M = Number of observations
T = Length of observation sequence
A = {aij} Transition matrix
B = {bj(k)}, bj(k) := P(ok |sj) emissions matrix
π = Initial distribution
S = S1, S2, . . . ,ST State sequence (Possible song)
O = O1,O2, . . . ,OT Observation sequence (possible data)
λ = {A,B, π}, the model
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Set-up

1 creating a transition matrix

2

Genre
Scott Joplin/Ragtime

3 Emissions matrix – Thankfully easy
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Intro
HMMs

Calculation Problems

+ P(O|λ) =
∑
S

P(O,S |λ)

* Consider every possible note combination, i.e. every song

+ With N states at T observations, this yields |N||T | possible
paths.

* This is more than the number of atoms in the universe.

+ This is unreasonable

+ Introduce the forward variable:
αt(i) = P(O1,O2, . . . ,Ot ,St = si |λ)

* What is the probability of all note combinations up to a certain
point?

+ Benefit: recursive definition

αt+1(j) =

[
N∑
i=1

αt(i)aij

]
bj(Ot+1), 1 ≤ t ≤ T−1, 1 ≤ j ≤ N
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HMMs

Foward and backward algorithms

P(O|λ) =
N∑
i=1

αT (i)

≈ |N||T | 7→ N2T computations

Backwards algorithm – By symmetry, calculate βt(i), the
backwards variable
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Viterbi

Define:

δt(i) = max
s1s2,...st−1

P(s1s2, . . . st = i ,O1O2 . . .Ot |λ)

* What is the most likely note pattern (song) given the data?

+ Initialization:

δ1(i) = πibi (O1), 1 ≤ i ≤ N

φ1(i) = 0

+ Recursion:
δt(j) = max

1≤i≤N
(δt−1(i)aij)bj(Ot)

φt(j) = arg max
1≤i≤N

(δt−1(i)aij)
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Viterbi Cont.

+ Termination
P∗ = max

1≤i≤N
δT (i)

s∗T = arg max
1≤i≤N

δT (i)

Backtracking: Now work backwards from s∗ and choose the
best states:

s∗t = φt+1(s∗t+1)
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